We update the Standard Model predictions for the rare decays K + → π + νν and K L → π 0 νν. In view of improved limits on B s -B s mixing we derive a stringent and theoretically clean Standard Model upper limit on B(K + → π + νν), which is based on the ratio of B d -B d to B s -B s mixing, ∆M d /∆M s , alone. This method avoids the large hadronic uncertainties present in the usual analysis of the CKM matrix. We find B(K + → π + νν) < 1.67 · 10 −10 , which can be further improved in the future. In addition we consider the extraction of |V td | from a future measurement of B(K + → π + νν), discussing the various sources of uncertainties involved. We also investigate theoretically clean constraints on B(K L → π 0 νν). We take the opportunity to review the next-to-leading order (NLO) QCD cor-
Introduction
The rare decays K + → π + νν, K L → π 0 νν, B → X s,d νν and B s,d → l + l − are very promising probes of flavour physics. They are sensitive to the quantum structure of Standard Model flavour dynamics and can at the same time be computed theoretically to an exceptionally high degree of precision. In particular the kaon modes K + → π + νν and K L → π 0 νν have received considerable interest in recent years. The theoretical status of these decays has been reinforced by the calculation of next-to-leading order QCD corrections [1] - [4] . The corrections to the top-quark dominated modes K L → π 0 νν, B → X s,d νν and B s,d → l + l − [1, 2] have recently been recomputed in [6] . The results of [6] confirm the calculations of [1, 2] up to a small term arising from the box diagram that had been overlooked in [2] . We are in agreement with [6] that this term needs to be included to obtain the complete NLO correction. As will be explained in more detail below, the missing piece follows from a simple one-loop calculation, which can be performed separately, and it can be added to the old result. The latter was obtained from the two-loop matching calculation in [2] , which remains unaffected.
In contrast to K L → π 0 νν, where only the top-quark contribution is relevant, also the charm sector is important for K + → π + νν. This sector, which has not been considered in [6] , will also be discussed in the present article.
The numerical impact of the modification is small. The changes are within the perturbative error of the NLO calculation, both for the top and the charm contribution. All qualitative conclusions, regarding the NLO error analysis from residual scale dependence and the theoretical precision that can be achieved in the calculation of these decays, remain unchanged.
The purpose of this paper is twofold. We will first present the complete NLO effective hamiltonians for K + → π + νν (section 2), the short-distance part of K L → µ + µ − (section 3) and the top-quark dominated modes K L → π 0 νν, B → X s,d νν and B s,d → l + l − (section 4), including the additional NLO contribution from the box diagram. The origin and the derivation of this contribution are explained in the Appendix. Secondly, we update the Standard Model predictions for B(K + → π + νν) and B(K L → π 0 νν) and discuss some phenomenological aspects of these decays that have not been emphasized before. In particular, we derive in section 5 a clean correlation between the ratio of B d -B d and B s -B s mixing and the K + → π + νν branching fraction. In view of recent experimental progress, both for K + → π + νν and B-B mixing, this could provide an interesting Standard Model test in the near future. We also analyse the determination of |V td | from B(K + → π + νν) and investigate the theoretical uncertainties involved. Section 6 explores the impact of ∆M d /∆M s and sin 2β, as obtained from the CP asymmetry in B d (B d ) → J/ΨK S , on the neutral mode K L → π 0 νν. The combination of these three theoretically clean observables offers another stringent consistency check on the Standard Model. We conclude in section 7.
Effective Hamiltonian for
The effective hamiltonian for K + → π + νν can be written as
The index l=e, µ, τ denotes the lepton flavour. The dependence on the charged lepton mass, resulting from the box-graph, is negligible for the top contribution.
In the charm sector this is the case only for the electron and the muon, but not for the τ -lepton.
The function X(x), relevant for the top part, reads to O(α s ) and to all orders in
with [7] 
and the QCD correction
where
The µ-dependence in the last term in (4) cancels to the order considered the µ-dependence of the leading term X 0 (x(µ)). The expression corresponding to X(x t ) in the charm sector is the function X l N L . It results from the RG calculation in NLLA and is given as follows:
correspond to the Z 0 -penguin and the box-type contribution, respectively. One has
Here
and m l is the lepton mass. We will at times omit the index l of X l N L . In (7) -(10) the scale is µ = O(m c ). For the charm contribution we need the two-loop expression for α s (µ) given by
The effective number of flavours is f = 4 in the expressions above for the charm sector. The QCD scale in (11) is Λ = Λ = (325 ± 80) MeV. Again -to the considered order -the explicit ln(µ 2 /m 2 ) terms in (7) and (10) cancel the µ-dependence of the leading terms.
For phenomenological applications it is useful to define for the top contribution a QCD correction factor η X by
With the MS definition of the top-quark mass, m t ≡m t (m t ), the QCD factor η X is practically independent of m t . This is the definition of m t that we will employ throughout this paper. For the charm sector it is useful to introduce
with the Wolfenstein parameter 
The analysis of (K L → µ + µ − ) SD proceeds in essentially the same manner as for
The only difference is introduced through the reversed lepton line in the box contribution. In particular there is no lepton mass dependence, since 
The function Y (x) is given by
where [7] 
and
Similarly to (13) one may write
The RG expression Y N L representing the charm contribution reads
where C N L is the Z 0 -penguin part given in (7) and B
is the box contribution in the charm sector, relevant for the case of final state leptons with weak isospin and m c . 
Note the simple relation to B
4 Effective Hamiltonians for
With the above results it is easy to write down also the effective hamiltonians for
Since only the top contribution is important in these cases, we have
for the decays K L → π 0 νν, B → X s νν and B → X d νν, with (nn ′ ) = (sd), (bs), (bd), respectively. Similarly
for
The functions X, Y are given in (2) and (16).
Phenomenology of K
+ → π + νν
General Aspects and Standard Model Prediction
The branching fraction of K + → π + νν can be written as follows
(26)
is V id and r K + = 0.901 summarizes isospin breaking corrections in relating K + → π + νν to the well measured leading decay K + → π 0 e + ν [9] . In the standard parametrization λ c is real to an accuracy of better than 10 −3 . We remark that in writing B(
2 has been omitted (0.2% effect on the branching ratio).
A prediction for B(K + → π + νν) in the Standard Model can be obtained using information on kaon CP violation (ε K ), |V ub /V cb | and B −B mixing to constrain the CKM parameters Reλ t and Imλ t in (25). This standard analysis of the unitarity triangle is described in more detail in [5] . Here we present an updated prediction using new input from the 1998 Vancouver conference [10] . We take
for the (scheme-invariant) kaon bag parameter B K , the SU(3) breaking among the matrix elements of B s -B s and B d -B d mixing, and P 0 (X) in (25), respectively. Next we use [10] Scanning all parameters within the above ranges one obtains
where the error is dominated by the uncertainties in the CKM parameters. Eq. (30) may be compared with the result from Brookhaven E787 [11]
Clearly, within the large uncertainties, this result is compatible with the Standard Model expectation.
Upper bound on B(K
Anticipating improved experimental results, the question arises of how large a branching fraction could still be accomodated by the Standard Model. In other words, how large would B(K + → π + νν) exp have to be, in order to unambiguously signal New Physics. In this context we recall that the clean nature of K + → π + νν implies a relation between the branching ratio and CKM parameters with very good theoretical accuracy. However, in order to constrain the poorly known CKM quantities to predict (30), one introduces theoretical uncertainties (related to |V ub /V cb | or B K ) that are not intrinsic to K + → π + νν itself. We would therefore like to investigate to what extent an upper bound can be derived on B(K + → π + νν), without relying on |V ub /V cb | or the constraint from kaon CP violation (ε K ) involving B K . For this purpose we will make use of the ratio ∆M d /∆M s . This is motivated by the theoretically fairly clean nature of this ratio and the improved lower bound on ∆M s (29).
In terms of Wolfenstein parameters λ, A, ̺ and η [8] one has [5]
A measurement of ∆M d /∆M s determines R t according to [5] 
The ratio of hadronic matrix elements r sd has been studied in lattice QCD. As discussed in [13] - [15] , the current status can be summarized by
This result is based on the quenched approximation, but the related uncertainties are expected to be moderate for the ratio (35). In the following we shall use
Since r sd = 1 in the SU(3)-flavour symmetry limit, it is the difference r sd −1 that is a priori unknown and has to be determined by non-perturbative calculations. To be conservative, we have assigned a 100% error on the SU (3) 
Eq. (37) defines an (almost circular) ellipse in the (̺,η) plane, centered at (̺ 0 , 0). Now, for fixed R t , the maximum possible branching ratio occurs forη = 0 and is given by
from (32), (34) and (37). This equation provides a simple and transparent relation for the maximal B(K + → π + νν) that would still be consistent with a given value of ∆M d /∆M s in the Standard Model. In particular, a lower bound on ∆M s immediately translates into an upper bound for B(K + → π + νν). We stress that (39) is theoretically very clean. All necessary input is known and does not involve uncontrolled theoretical uncertainties. At present the largest error comes from r sd , but a systematic improvement is possible within lattice gauge theory.
For these reasons (39) can serve as a clearcut test of the Standard Model and has the potential to indicate the presence of New Physics in a clean manner. Using In table 4 we illustrate how the upper bound on B(K + → π + νν) (bound A) improves when the maximal possible value for r sd is assumed to be smaller. The outcome is compared with the result from the standard analysis of the unitarity triangle (bound B). We find that as long as r ds is higher than 1.4, the r ds bound has no impact on the maximal value in the standard analysis. We also observe that bound A, which is theoretically very reliable, is only slightly weaker than the less clean result of bound B. 
Eventually, a precise experimental determination of B(K + → π + νν), in particular if compatible with Standard Model expectations, can be used to extract |V td | directly from (25) [4, 16] . We would like to illustrate such an analysis here by detailing the sources of uncertainty and their impact on the final result. Our findings are summarized in table 5 . We remark that the sensitivity of |V td | to variations in the input is fairly linear for the parameters B(K + → π + νν), and V cb through Λ ( 
4) MS
, so that the effect of other choices for the errors can be easily infered from this table.
Phenomenology of
The rare decay mode K L → π 0 νν is a measure of direct CP violation [17] and therefore of particular interest. Using the effective hamiltonian (23) and summing over three neutrino flavours one finds [4, 5] 
with r K L = 0.944 the isospin breaking correction from [9] and κ + given in (26). Using the improved Wolfenstein parametrization [12] we can rewrite (42) as [5] 
100-300 1-3 ±6.8%
±0.5% ±4.5% ±7.6% ±0.6% ±3.5% ±2.9% ±2.2%
Using the same procedure (standard analysis) and input as for the derivation of (30), one obtains
Again the error comes almost entirely from the uncertainties in the CKM parameters.
As in the case of K + → π + νν discussed above, one may ask the question about the maximal K L → π 0 νν branching ratio that could be tolerated within the Standard Model. A value of 4.4 · 10 −11 is suggested by (45). Relying on the standard analysis of the CKM matrix, this result necessarily involves hadronic uncertainties (related for instance to ε K and |V ub /V cb |). It would be desirable to have a relation that could yield comparable information, but based only on quantities with very good theoretical control. A promising possibility is again ∆M d /∆M s , in conjunction with sin 2β, to be obtained from the CP asymmetry in B d (B d ) → J/ΨK S . For all practical purposes the latter quantity has no theoretical uncertainty, like the K L → π 0 νν branching fraction itself. Using the CKM relation [16] 
together with (34) gives
Here we have dropped the small O(λ 2 ) term in (34) for simplicity. It could always be included if a still higher accuracy should be required. In any case, the omission of this correction is conservative when we are interested in an upper limit on B(K L → π 0 νν) (unless̺ > 0.5). A useful numerical representation of (47) (48). Note however that the last factor in (47), (48) decreases rapidly when sin 2β is restricted to values smaller than unity. Improved results on ∆M d /∆M s will also contribute to make this upper bound competitive with the standard analysis (45). For example, taking V cb < 0.043, m t < 171 GeV, r sd < 1.4, ∆M d /∆M s < 0.04 and assuming sin 2β < 0.7 yields
Let us emphasize again that the main virtues of (47) with respect to the standard CKM analysis are the very high reliability of the theoretical input and, in addition, the simple and transparent form of this relation. Both features will be of great advantage in trying to pin down any possible inconsistencies of the Standard Model. A window for New Physics will exist above the largest possible Standard Model value implied by (47) and the model-independent upper bound
Recent discussions on specific scenarios that might lead to an enhancement of K → πνν branching ratios over their Standard Model expectations can be found in [19] - [22] . As pointed out recently in [23] , the CP-violating ratio ε ′ /ε plays in spite of large theoretical uncertainties a significant role in bounding possible enhancements.
Next, we would like to point out an independent upper limit on B(K L → π 0 νν), which follows directly from the upper limit on |V ub |,
Although still affected by the theoretical uncertainties in extracting |V ub |, this very clear and direct bound will become increasingly useful as our understanding of |V ub | improves. Finally, we remark that once K L → π 0 νν and K + → π + νν have been measured, the direct extraction of sin 2β and Imλ t from these modes becomes possible and offers additional opportunities for accurate tests of flavour physics [4] .
Conclusions
The Standard Model predicts a characteristic pattern of rare, flavour-changing neutral current processes. Different transitions are interrelated in particular through the underlying common CKM structure of quark mixing. To make decisive tests of the flavour sector it is mandatory to have firm control over all theoretical uncertainties.
In the present paper we have discussed specific examples of relations that rely only on theoretically clean observables. For instance, knowledge of ∆M d /∆M s and sin 2β determines B(K L → π 0 νν). An upper limit on ∆M d /∆M s alone yields a stringent upper limit on B(K + → π + νν). These constraints are both simpler and theoretically cleaner than the results of a standard analysis, where CKM parameters are determined using ε K , |V ub /V cb | and ∆M d . Such an analysis is at present still very useful to obtain benchmark predictions for rare decays. We have updated previous analyses for K → πνν [16] , obtaining
However, in the future one might want to avoid the hadronic uncertainties necessarily affecting these estimates, using instead the relations mentioned above. We note especially that a very clean, and conservative, upper bound
can be deduced with present knowledge from ∆M d /∆M s alone. Higher values would clearly be in conflict with the Standard Model. It will be interesting to follow the future development of the experimental result on B(
The clean constraints on B(K + → π + νν) and B(K L → π 0 νν) we have discussed should be useful to guide the interpretation of future experimental data and might well be essential to establish, with confidence, the existence of New Physics.
Appendix Top Contribution
In the following we discuss the origin of the additional term that needs to be included in our previous results in [2] . It arises from the box-diagram contribution to the effective hamiltonian and is related to the existence of an evanescent operator (non-vanishing only in D = 4 dimensions) within the framework of dimensional regularization, as pointed out in [6] . In the following argument we will use a gluon mass to regulate infrared (IR) divergences. A different IR regulator (external quark masses) was used in [6] . Both approaches lead to the same result.
To be specific we first concentrate on the top contribution for the rare decays with neutrinos in the final state. If we definē
we may writeQ
which defines the evanescent operator E. Here ε = (4 − D)/2 and a is an arbitrary constant number. To lowest order in α s the one-loop box graph is simply proportional toQ. It therefore contributes to the hamiltonian (in D dimensions)
, and including ultraviolet (UV) counterterms, (A.4) becomes
Here Z 2 is the quark-field renormalization constant and Z the renormalization constant matrix of Q defined by
relating unrenormalized ( (0) ) and renormalized amputated Green functions with operator Q insertion.
To O(α s ) the matrix Z can be calculated by considering one-gluon exchange across the quark current in Q and E. To extract the UV renormalization, we may for instance treat the external quarks as massless and on-shell and use a gluon mass λ as infrared regulator. In this case .8) and the matrix Z is found to be
Z implies a finite renormalization of (Q, E). Since the quark component in Q is a conserved current, Q by itself is not renormalized in (A.9). On the other hand, E mixes back into Q under finite renormalization ∼ r. Note that r is a pure short-distance quantity. It arises when the ultraviolet pole of the loop integration ∼ 1/ε multiplies a term ∼ εQ from the D-dimensional Dirac algebra. Note also that the arbitrary number a in (A.3) does not appear in relation (A.9) and is unimportant in the following. The element s in (A.9) is likewise irrelevant in the present context. The hamiltonian in (A.6) may then be rewritten as
where irrelevant terms have been omitted. To extract the Wilson coefficient B, the matrix element of the effective theory (A.10) has to be matched to the corresponding (renormalized) amplitude in the full theory, Z 2 F . If we denote the tree-level matrix element of operator O as O T and use a gluon mass λ as infrared regulator, we have
In this case the contribution of r has canceled on the r.h.s. of (A.10) and the coefficient B is given directly from the calculation in the full theory, B = Z 2 F (λ) . We see that the presence of the evanescent operator is then irrelevant and can be ignored from the beginning. This is not unexpected, because the l.h.s. of (A.12) is finite after renormalization and the limit D → 4 can be taken without the need to specify the subtraction of evanescent operators (in contrast to the case of the ordinary non-leptonic hamiltonian [24] ). This situation was implicitly assumed in the calculation of the O(α s ) box contribution to the Wilson coefficient in [2] . However, in [2] IR divergences were regulated dimensionally, rather than by a gluon mass. This is a legitimate procedure, but it involves a subtlety that was not taken into account in the original work [2] .
In the case of dimensional regularization of both UV and IR divergences, and with external quarks massless and on-shell, Z 2 = 1 and the O(α s ) corrections to the matrix elements of the operators in (A.10) vanish identically. The matching relation between full and effective theory (A.10) becomes, instead of (A.12)
The relevant coefficient B is therefore not given by the full theory amplitude alone (unlike the case of (A.12)), but by F (ε) + α s /(4π)rB E . With the QCD corrected box function written as [2] B(x, 1/2) = B 0 (x) + α s 4π B 1 (x, 1/2) (A.14)
in the case of external neutrinos (T 3 = 1/2), this implies that an additional term ∆B 1 (1/2) = rB E = 2B 0 has to be added to the result in [2] . Recalling X = C − 4B(1/2), this corresponds to ∆X 1 = −8B 0 , which is already included in (4). It can be checked that the correction term α s /(4π)rB E is identical to the (finite) difference between the full theory amplitudes with gluon mass and dimensional regularization, respectively, of IR singularities, i.e. Z 2 F (λ) − F (ε) . Thus, identical results are obtained for B independent of the IR regulator, as it must be the case.
where m =m c (µ) and g is the QCD coupling. The ingredients of the renormalization group analysis are the initial values of the Wilson coefficients and the anomalous dimensions governing the evolution from scale µ = M W to µ = m c . Details on the procedure may be found in [3, 5] . Here we concentrate on the role played by the evanescent operator.
The initial conditions are not affected by the presence of E c . The coefficient of E c itself is O(α s ), which gives an irrelevant contribution at NLO (where the highest order terms kept are O(α s ) times a physical operator). However, E c contributes to the physical (O, Q c ) sector of the anomalous dimension matrix through operator mixing, affecting the NLO quantity γ (1) 12 . We work with dimensional regularization throughout, for both UV and IR divergences. The renormalization in the (Q c , E c ) sector can be written as
Unrenormalized, renormalized and tree-level matrix elements are denoted by (0) , and T , respectively. Here and in the following the renormalization of m and g is, however, understood to be already carried out in the matrix elements labeled by (0) . From (A.9) above we have we then obtain, using the result of [3] γ 
Summary
In the two preceding subsections we have discussed the case with final state neutrinos (T 3 = 1/2, X-functions). Completely analogous arguments apply to the case of external charged leptons (T 3 = −1/2, Y -functions) and lead to the results summarized in the main text. We finally collect, for the sake of clarity, all changes due to the additional contribution from the evanescent operator. They affect only the box contribution. We list the terms that have to be added to our previous results in [2, 3, 5] for the corresponding Wilson coefficient functions. The modifications in the top sector read explicitly ∆X(x) = −8B 0 (x) α s 4π ∆Y (x) = +8B 0 (x) α s 4π (A.33)
where B 0 is the leading order box function [7] B 0 (x) = 1 4 
